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Abstract
In de Sitter (dS) special relativity (SR), two kinds of conserved currents are
derived. The first kind is a 5-dimensional (5d) dS-covariant angular momentum
(AM) current, which unites the energy-momentum (EM) and 4d AM current in
an inertial-type coordinate system. The second kind is a dS-invariant AM current,
which can be generalized to a conserved current for the coupling system of the
matter field and gravitational field in dS gravity. Moreover, an inherent EM tensor
is predicted, which comes from the spin part of the dS-covariant current. All the
above results are compared to the ordinary SR with Lorentz invariance.
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1 Introduction
The de Sitter (dS) special relativity (SR) [1–9] is a hypothetical theory with global dS
invariance, which is well motivated, at least for the following reasons. Firstly, the dS
symmetry is one of the three highest symmetries for a 4-dimensional (4d) metric with
Lorentz signature [3, 10]. Secondly, the observed cosmological constant may be related to
that of dS SR, with new observable effects to be investigated. Thirdly, in dS space, there
exist inertial-type coordinate (IC) systems where all the coordinate lines are geodesics
[4, 5]; the energy, momentum and 4d angular momentum (EMA) of a classical particle
can be defined in the IC systems, and unified in a 5d dS-covariant angular momentum
(AM) function [4, 5]. Moreover, it is shown that [11, 12] in the R + βSabcSabc models
of gravity [13], where R is the scalar curvature, β is a parameter, and Sabc denotes the
torsion tensor, the dS symmetry together with a Kaluza–Klein-type ansatz may play a
key role in removing the initial singularity of the Robertson–Walker universe.
In this paper, we are going to find the definitions of the EMA currents for a dS-
covariant matter field in dS SR, which should be important for the foundation of dS
SR as well as the quantum field theory on dS space [1, 2, 8, 14–16]. To do this, we
study the conservation law corresponding to the dS and diffeomorphism symmetries of
the matter field. It is shown that, the conserved current is a 5d dS-covariant AM current,
whose components can be identified as the EMA currents in an IC system. Although the
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energy-momentum (EM) current is not covariant, the EM tensor can be well defined, and
it is found that the spin part of the dS-covariant current contributes to the EM tensor,
with the contribution proportional to Λ1/2, where Λ is the cosmological constant.
Note that the generalization of the dS-covariant current in dS gravity [11, 17–20] is a
variational derivative with respect to the dS connection [21]. For the coupling system of
matter and gravity, the variational derivative should be equal to zero on account of the
gravitational field equation. Accordingly, we also analyze another kind of conservation law
in dS SR, with respect to a one-parameter group of entangled dS transformations, which
consist of the internal dS rotations and external isometric transformations, sharing the
same generators. The corresponding conserved current is a 5d dS-invariant AM current,
which can be generalized to a conserved current for the coupling system of the matter
field and gravitational field.
The paper is arranged as follows. In section 2, the EMA conservation laws are reviewed
in the ordinary SR with Lorentz invariance. In section 3, the EMA conservation laws are
derived in dS SR, and it is shown that the EM tensor contains an inherent part, in addition
to the ordinary orbital part. Finally we end with some remarks in the last section.
2 Lorentz special relativity
In the ordinary SR on the Minkowski space Mm, consider a Lorentz-covariant matter
field ψ with the action integral S and Lagrangian function L as follows:
S =
∫
Ω
L ǫ, L = L (ψ, ∂aψ, c.c., e
α
a), (1)
where Ω is an arbitrary domain ofMm, ǫ is a metric-compatible volume element, ∂a is the
ordinary derivative of any Minkowski coordinate system, a is an abstract index [22, 23]
which can be changed into any tetrad or coordinate index by taking the corresponding
component, c.c. denotes the complex conjugates of the former quantities, and eαa is the
dual of an orthonormal tetrad field eα
a, with the tetrad index α = 0, 1, 2, 3. Let
Ω→ Ωt = φt[Ω], ψ → ψt = T (gt)φt∗ψ, e
α
a → e
α
t a = g
α
t βφt∗e
β
a (2)
be symmetry transformations forming a one-parameter group, where t is the group pa-
rameter, gt = g
α
t β are elements of the special Lorentz group SO(1, 3), T stands for a repre-
sentation of O(1, 3), φt are diffeomorphisms, and φt∗ denote their pushforwards. Suppose
that the matter field equation δS/δψ = 0 is satisfied, it follows from the invariance of the
action integral under Eq. (2) that
∂aJ
a +
∂L
∂eαa
δeαa = L ∂av
a, (3)
where
Ja =
∂L
∂∂aψ
δψ + c.c.+ L va, (4)
δ = (d/dt)|t=0, and v
a is the generator of φt. Making use of the arbitrariness of A
α
β ≡
δgαβ, v
a and ∂av
b at any given point, it follows that
∂aΣb
a = 0, (5)
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∂aταβ
a = −Σ[αβ], (6)
−
∂L
∂daψ
dbψ + c.c. =
∂L
∂eαa
eαb, (7)
where
Σb
a = −
∂L
∂∂aψ
∂bψ + c.c.+ L δ
a
b (8)
is the canonical EM tensor,
τα
βa =
∂L
∂∂aψ
Tα
βψ + c.c. (9)
is the Lorentz-covariant spin current, Tα
β are representations of the Lorentz generators,
and the tetrad indices are lowered by ηαβ = diag(−1, 1, 1, 1). According to Eqs. (5)–(6),
∂aJα
a = ∂aJα
βa = 0 (see, for instance, Ref. [24]), where
Jα
a = Σα
a, (10)
Jα
βa = τα
βa + ηβγx[γΣα]
a, (11)
and xβ are the Minkowski coordinates corresponding to the tetrad field eβ
a. The above
two equations present the Lorentz-covariant EM and AM currents in Lorentz SR.
On account of Eqs. (4), (8) and (9),
Ja = Aαβτα
βa + vbΣb
a, (12)
and hence
∂aJ
a = Σα
β(∂βv
α −Aαβ), (13)
where ∂β = ∂/∂x
β . If the diffeomorphisms φt are isometric transformations entangled
with the Lorentz rotations gt, or explicitly,
va = Aαβx
βeα
a +Bαeα
a, (14)
where Bα are constants, then a conservation law ∂aJ
a = 0 follows, where Ja given by Eq.
(12) becomes
Ja = Aαβ(τα
βa + xβΣα
a) +BαΣα
a
= AαβJα
βa +BαJα
a, (15)
which is the Lorentz-invariant conserved current with respect to the one-parameter group
of symmetry transformations given by Eqs. (2) and (14).
Note that the generalizations of Jα
a and Jα
βa in Lorentz gravity [25, 26] are variational
derivatives with respect to the tetrad field and Lorentz connection. For the coupling sys-
tem of matter and gravity, these variational derivatives should be equal to zero due to the
gravitational equations. On the other hand, the Lorentz-invariant Ja can be generalized
to a nonzero current for the coupling system, which is conserved in the sense that its
torsion-free divergence vanishes [21, 27, 28].
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3 de Sitter special relativity
Consider a dS-covariant matter field ψ on a dS space, with the action integral and La-
grangian function as follows:
S =
∫
Ω
L ǫ, L = L (ψ, daψ, c.c., ξ
A, daξ
A), (16)
where da is the ordinary exterior derivative, ξ
A are the 5d Minkowski coordinates restricted
to the 4d dS hypersurface Ml defined by ηABξ
AξB = l2, ηAB = diag(−1, 1, · · ·1), A,B =
0, 1, · · ·4 are dS indices, and l is a constant with the dimension of length. Note that the
dS metric gab = ηAB(daξ
A)(dbξ
B) enters the Lagrangian via daξ
A. Suppose that
Ω→ Ωt = φt[Ω], ψ → ψt = T (gt)φt∗ψ, ξ
A → ξAt = g
A
t Bφt∗ξ
B (17)
are symmetry transformations forming a one-parameter group, where gt = g
A
t B are ele-
ments of the special dS group SO(1, 4). Provided the matter field equation is satisfied,
the invariance of the action integral under Eq. (17) leads to
∇˚aJ
a +
∂L
∂ξA
δξA +
∂L
∂daξA
δ(daξ
A) = L ∇˚av
a, (18)
where ∇˚a is the metric-compatible, torsion-free covariant derivative, and
Ja =
∂L
∂daψ
δψ + c.c.+ L va. (19)
The arbitrariness of AAB ≡ δg
A
B, v
a and ∇˚av
b at any given point results in
∇˚aΣb
a =
∂L
∂ξA
dbξ
A +
∂L
∂daξA
∇˚b∇˚aξ
A, (20)
∇˚aτAB
a = −
(
∂L
∂ξ[A
ξB] +
∂L
∂daξ[A
daξB]
)
, (21)
−
∂L
∂daψ
dbψ + c.c. =
∂L
∂daξA
dbξ
A, (22)
where
Σb
a = −
∂L
∂daψ
dbψ + c.c.+ L δ
a
b (23)
is the orbital EM tensor,
τA
Ba =
∂L
∂daψ
TA
Bψ + c.c. (24)
is the dS-covariant spin current, TA
B are representations of the dS generators, and the dS
indices are lowered by ηAB. Let us define
ΣA
Ba = Σb
aηAC(∇˚
bξ[C)ξB], (25)
VA
Ba = ΣA
Ba + τA
Ba, (26)
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where the abstract index is raised by the inverse of gab. With the help of the identities
∇˚aξ
A∇˚aξB = ηAB − ξAξB/l2, (27)
∇˚a∇˚bξ
A = −gabξ
A/l2, (28)
and Eqs. (20)–(21), it can be shown that
∇˚aVA
Ba = 0. (29)
In order to compare the above equation with Eqs. (5)–(6), let us define
Vb
a = VA
Ba(dbξ
A)(2ξB/l
2), (30)
Vb
ca = VA
Ba(dbξ
A)(dcξB), (31)
and τb
a, τb
ca in the same way, then it holds that
Vb
a = Σb
a + τb
a, Vb
ca = τb
ca, (32)
and Eq. (29) leads to
∇˚aVb
a = R˚cdbaτc
da, (33)
∇˚aτbc
a = −V[bc], (34)
where R˚cdba is the curvature tensor of ∇˚a, and has the expression R˚cdab = 2ga[cgd]b/l
2 on
Ml. A comparison of Eqs. (33)–(34) and Eqs. (5)–(6) shows that Vb
a is the canonical
EM tensor in dS SR. In fact, the generalization of Vα
a in dS gravity is just the canonical
EM current defined as the variational derivative with respect to eαa [21]. According to
Eq. (32), the difference between Vb
a and Σb
a is the inherent EM tensor
τb
a = τA
Ba(dbξ
A)(2ξB/l
2) ∼ l−1, (35)
which is originated from the dS spin τA
Ba and has the order of magnitude of Λ1/2, where
Λ = 3/l2 is the cosmological constant. The existence of this inherent EM tensor is an
important feature for dS SR. To obtain τb
a we need a dS-invariant Lagrangian on the dS
space, but the construction of such a Lagrangian is nontrivial. Here we give an example
for a Dirac field ψ with the Lagrangian constructed as follows:
L =
1
2
i(ψγadaψ − daψγ
aψ)− imψψ, (36)
where i is the imaginary unit, ψ = ψ†γ0, γa = γAdaξA,
γ0 = i
(
0 1
1 0
)
, γi = i
(
0 σi
−σi 0
)
, (37)
i = 1, 2, 3, σi are Pauli matrices, and γ4 = iγ0γ1γ2γ3. It is noteworthy that the Lagrangian
(36) is a function on the dS space, while the Lagrangian given by Ref. [2] is a function
on the 5d Minkowski space. The Dirac-like equation with respect to Eq. (36) is
γadaψ −mψ − 2γ
AξAψ/l
2 = 0. (38)
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Substitution of Eq. (36) and TAB = 1
4
[γA, γB] into Eqs. (24) and (35) yields
τb
a =
1
4l2
iψγa[γb, γ
AξA]ψ + c.c.. (39)
Now we turn to the problem of how to define the EMA currents in the IC systems.
Without loss of generality, let us discuss the domain onMl with ξ
4 > 0. The inertial-type
coordinates on this domain can be defined as follows [5]:
xµ = lξµ/ξ4, (40)
where µ = 0, 1, 2, 3 is the coordinate index. Making use of these definitions, ΣA
Ba defined
by Eq. (25) can be expressed as
Σµ
4a = (l/2)Mµ
a, Σµ
νa = ηνσx[σMµ]
a, (41)
where
Mµ
a = Σν
a(δνµ + x
νxµ/l
2), (42)
xµ = ηµνx
ν , ηµν = diag(−1, 1, 1, 1), and η
νσ is its inverse. It is seen that Mµ
a can be
identified as the orbital EM current in {xµ}, and Σµ
νa can be identified as the 4d orbital
AM current in {xµ}. Then the meaning of ΣA
Ba becomes clear: it is a 5d orbital AM
current uniting the orbital EMA currents in {xµ}. Furthermore, VA
Ba defined by Eq. (26)
can be expressed as
Vµ
4a = (l/2)(Mµ
a + Sµ
a), Vµ
νa = ηνσx[σMµ]
a + τµ
νa, (43)
where Sµ
a = τµ
4a(2/l), and, τµ
4a, τµ
νa are components of τA
Ba. It is seen that Mµ
a + Sµ
a
can be identified as the EM current in {xµ}, and Vµ
νa can be identified as the 4d AM
current in {xµ}. Then the meaning of the conserved current VA
Ba becomes clear: it is a 5d
AM current uniting the EMA currents in {xµ}. At the coordinate origin, Mµ
a coincides
with the orbital EM tensor Σb
a, Sµ
a coincides with the inherent EM tensor τb
a, and so
Mµ
a+ Sµ
a coincides with the canonical EM tensor Vb
a. Likewise, Vµ
νa coincides with the
spin tensor τb
ca at the coordinate origin.
On account of Eqs. (19), (23) and (24),
Ja = AABτA
Ba + vbΣb
a. (44)
Provided the diffeomorphisms φt are isometric transformations entangled with the dS
rotations gt, or explicitly,
va = (AABξ
B∂A)
a, (45)
where ∂A are the 5d Minkowski coordinate basis vector fields, then a conservation law
∇˚aJ
a = 0 follows, where Ja given by Eq. (44) becomes
Ja = AABVA
Ba, (46)
which is the dS-invariant conserved AM current with respect to the one-parameter group
of symmetry transformations given by Eqs. (17) and (45).
Note that the generalization of VA
Ba in dS gravity is a variational derivative with
respect to the dS connection [21]. For the coupling system of matter and gravity, the
variational derivative should be equal to zero due to the gravitational field equation. On
the other hand, Ja can be generalized to a nonzero current for the coupling system, which
is conserved in the sense that its torsion-free divergence vanishes [21].
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4 Remarks
The paper presents two kinds of conservation laws for a matter field in dS SR. The first
kind is the conservation of the dS-covariant AM current (26), which unites the EMA
currents of the matter field in an IC system. The second kind is the conservation of the
dS-invariant AM current (46), which can be generalized to a conserved current for the
coupling system of matter and gravity. Moreover, it is found that the canonical EM tensor
contains an inherent part τb
a ∼ Λ1/2 originated from the dS spin τA
Ba. The existence of
the inherent EM tensor τb
a is a distinctive phenomenon in dS SR compared to the ordinary
Lorentz SR. It is interesting as a future work to analyze the observational effect of τb
a.
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